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?????????, C ?????????, Z ?????????????????
????, a ∈ C, m ≥ 1 ?????? { (a)(m+1)nn!(a+1)mn } ?????????????????????, ??
??, ?????????????? Cn(m, s), ????????????? C2n ???????????
????????
2 ??????????
??, m ≥ 1, n, s ≥ 0 ????, ?????? (0, 0) ?? (mn+ s, n) ???? y = xm ????????
???? Step (1, 0) ???? Step (0, 1) ???????????? Cn(m, s) ???????, C4(3, 5) ?,
?? A ?? B ????????????
A
B
??, Cn(1, 0) = Cn ???, Cn(m, s) ?????, ??????????
Lemma 2.1. m ≥ 1, n, s ≥ 0 ????
Cn(m, s) =
(s+ 1)((m+ 1)n+ s)!
n!(mn+ s+ 1)!
(
=
(s+ 1)(m+1)n
n!(s+ 2)mn
)
. (2)
Proof. (2) ???? C˜n(m, s) ???, Cn(m, s) = C˜n(m, s) ? n ??????????? s ?????
????????? 2?????????????, Cn(m, s) ?????
C0(m, s) = 1, (3)
Cn(m, 0) = Cn−1(m,m) (n ≥ 1), (4)
Cn(m, s) = Cn(m, s− 1) + Cn−1(m,m+ s) (n, s ≥ 1) (5)
????n = 0 ?????, C0(m, s) = 1 = C˜0(m, s) ??????????n− 1 ???????????
(n ≥ 1)?n ≥ 1 ??????, s = 0 ?????, (4) ? n ?????????????
Cn(m, 0) = Cn−1(m,m) = C˜n−1(m,m) =
(m+ 1)((m+ 1)(n− 1) +m)!
(n− 1)!(m(n− 1) +m+ 1)! =
((m+ 1)n)!
n!(mn+ 1)!
= C˜n(m, 0)
??????????s− 1 ??????????? (s ≥ 1)?????, (5) ?, n ???????????,
?? s ?????????????
Cn(m, s) = Cn(m, s− 1) + Cn−1(m,m+ s) = C˜n(m, s− 1) + C˜n−1(m,m+ s) (6)
=
s((m+ 1)n+ s− 1)!
n!(mn+ s)!
+
(m+ s+ 1)((m+ 1)(n− 1) +m+ s)!
(n− 1)!(m(n− 1) +m+ s+ 1)! = C˜n(m, s) (7)
???????????????, (2) ? 2??????????????
??, ????, Cn(m, 0), Cm(p− 1, r− 1) ? Fuss-Catalan number, Raney number ?????????
????? ([7], [9])???, (2) ? s = 0 ????????, ?????????????????????
?? (cf. [8])?
???????? Cn(m, s) ????????????????
Proposition 2.2. r,m ≥ 1, n ≥ 0, a ∈ C ????
∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
(a)(m+1)ik
ik!(a+ 1)mik
=
(ar)(m+1)n
n!(ar + 1)mn
. (8)
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Proposition 2.2. r,m ≥ 1, n ≥ 0, a ∈ C ????
∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
(a)(m+1)ik
ik!(a+ 1)mik
=
(ar)(m+1)n
n!(ar + 1)mn
. (8)
??, a = s+ 1 (s ≥ 0) ????
∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
Cik(m, s) = Cn(m, r(s+ 1)− 1). (9)
??, ???????
Lemma 2.3. a, b ∈ C, m ≥ 1, n ≥ 0 ????
n∑
k=0
(−n)k(a)(m+1)k(b)mk
k!(a+ 1)mk(b− n+ 1)(m+1)k =
(b− a+mn)(a− b+ 1)n−1
(b+mn)(−b+ 1)n−1 . (10)
??, (10) ????????????
2m+2F2m+1
(
−n, am+1 , a+1m+1 , . . . , a+mm+1 , bm , b+1m , . . . , b+m−1m
a+1
m ,
a+2
m , . . . ,
a+m
m ,
b−n+1
m+1 ,
b−n+2
m+1 , . . . ,
b−n+m+1
m+1
; 1
)
=
(b− a+mn)(a− b+ 1)n−1
(b+mn)(−b+ 1)n−1 . (11)
Proof. ??, ??????????? (cf. [2], [3])?
2m+2F2m+1
(
−n, am+1 , a+1m+1 , . . . , a+mm+1 , bm , b+1m , . . . , b+m−1m
a+1
m ,
a+2
m , . . . ,
a+m
m ,
b−n
m+1 ,
b−n+1
m+1 , . . . ,
b−n+m
m+1
; 1
)
=
(a− b+ 1)n
(1− b)n , (12)
2m+2F2m+1
(
−n, am+1 , a+1m+1 , . . . , a+mm+1 , bm , b+1m , . . . , b+m−1m
a
m ,
a+1
m , . . . ,
a+m−1
m ,
b−n+1
m+1 ,
b−n+2
m+1 , . . . ,
b−n+m+1
m+1
; 1
)
= − (a− b)n
(b+mn)(1− b)n−1 . (13)
??, ?????????? 3???????? (cf. [5] ? (2.8)?).
r+2Fr+1
(
a0, a1, . . . , ar+1
b, c, d1, d2, . . . , dr−1
; z
)
=
c− 1
c− b · r+2Fr+1
(
a0, a1, . . . , ar+1
b, c− 1, d1, d2, . . . , dr−1
; z
)
− b− 1
c− b · r+2Fr+1
(
a0, a2, . . . , ar+1
b− 1, c, d1, d2, . . . , dr−1
; z
)
. (14)
?????, (14)????, a0 = −n, (a1, a2, . . . , ar+1) = ( am+1 , a+1m+1 , . . . , a+mm+1 , bm , b+1m , . . . , b+m−1m ), (b, c) =
(a+mm ,
b−n+m+1
m+1 ), (d1, d2, . . . , dr−1) = (
a+1
m ,
a+2
m , . . . ,
a+m−1
m ,
b−n+1
m+1 ,
b−n+2
m+1 , . . . ,
b−n+m
m+1 ), z = 1 ?????
?, (12), (13) ?????? (11) ??????
Remark 2.4. ???????????, ?? (10) ?????????, ???
Fn(a, b,m; z) =
n∑
k=0
(−n)k(a)(m+1)k(b)mkzk
k!(a+ 1)mk(b− n+ 1)(m+1)k
???, n ≥ 1 ?????????????????, n ????????????????????
Fn(a, b,m; z) = −a(m+ 1)(a− b+ n− 2)(a+m)(b− n+ 1) Fn−1(a− 1, b,m; z)
+
(a− 1)(a(m+ 1)− (b− n+ 1)m)
(a+m)(b− n+ 1) Fn−1(a, b,m; z)
− az(a+ (m+ 1)n− 1)(b)m
(a+m)(b− n+ 1)m+1 Fn−1(a+m, b+m,m; z). (15)
??, (15) ?????, ??? zk (0 ≤ k ≤ n) ???????
(a+m)(a+ (m+ 1)k − 1)(b− n+ 1 + (m+ 1)k)n
= (a− 1)(a+mk)(a− b+ n− 2)(k − n)(m+ 1)
− (a− 1)(a+ (m+ 1)k − 1)(a+ (a− b+ n− 1)m)(k − n)
+ (a+m)(a+ (m+ 1)n− 1)(b− n+ 1 + (m+ 1)k)k
????????, ????????????
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???, (8) ????????????????, (8) ???? Gn(m,a, r), i.e.
Gn(m,a, r) =
(ar)(m+1)n
n!(ar + 1)mn
????
Lemma 2.5. r ≥ 2, 1 ≤ u ≤ r − 1, n ≥ 0 ????
n∑
k=0
Gk(m,a, u)Gn−k(m,a, r − u) = Gn(m, a, r). (16)
Proof. (16) ?????????, (10) ????, (a, b) ? (au,−a(r − u)−mn) ????????????
??
n∑
i=0
Gk(m,a, u)Gn−k(m, a, r − u)
=
(a(r − u))(m+1)n
n!(a(r − u) + 1)mn
n∑
k=0
(−n)k(au)(m+1)k(−a(r − u)−mn)mk
k!(au+ 1)mk(−a(r − u)− (m+ 1)n+ 1)(m+1)k
=
(a(r − u))(m+1)n
n!(a(r − u) + 1)mn ×
r(ar +mn+ 1)n−1
(r − u)(a(r − u) +mn+ 1)n−1
=
(ar)(m+1)n
n!(ar + 1)mn
= Gn(m,a, r)
????????
????????, (8) ????
Proof of Proposition 2.2. r ???????????? r = 1 ?????????? Cn(m, s) ???
???????r − 1 ??????????? (r ≥ 2)?????, ??????? (16) ??
∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
(a)(m+1)ik
ik!(a+ 1)mik
=
n∑
i=0
(a)(m+1)i
i!(a+ 1)mi
∑
i1+i2+···+ir−1=n−i
i1,i2,...,ir−1≥0
r−1∏
k=1
(a)(m+1)ik
ik!(a+ 1)mik
=
n∑
i=0
Gi(m,a, 1)Gn−i(m, a, r − 1) = Gn(m,a, r)
????????
Corollary 2.6. m ≥ 1, r ≥ 1, a ∈ C ????
m+1Fm
(
a
m+1 ,
a+1
m+1 , . . . ,
a+m
m+1
a+1
m ,
a+2
m , . . . ,
a+m
m
; z
)r
= m+1Fm
(
ar
m+1 ,
ar+1
m+1 , . . . ,
ar+m
m+1
ar+1
m ,
ar+2
m , . . . ,
ar+m
m
; z
)
. (17)
Proof. (17) ? z ? (m+1)
m+1z
mm ????????? z
n (n ≥ 0) ???????, (8) ?????????
?????, ???? (17) ??????
??, (8) ? (a,m) ?????????????, ??????????????????????
Corollary 2.7. n ≥ 0, r ≥ 1 ????
(i) ∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
(
2ik
ik
)
=
4n( r2 )n
n!
. (18)
(ii) ∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
C2ik =
22n−1r( r2 + n+ 1)n−1
n!
. (19)
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)
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4n( r2 )n
n!
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(ii) ∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
C2ik =
22n−1r( r2 + n+ 1)n−1
n!
. (19)
(iii) (=(1)) ∑
i1+i2+···+ir=n
i1,i2,...,ir≥0
r∏
k=1
Cik =
r(2n+ r − 1)!
n!(n+ r)!
= Cn(1, r − 1). (20)
Proof. n ≥ 0 ????
Gn(0,
1
2
, 1) =
1
4n
(
2n
n
)
, Gn(1,
1
2
, 1) =
C2n
4n
, Gn(1, 1, 1) = Cn
??????????????????, Gn(m,a, 1) =
(a)(m+1)n
n!(a+1)mn
???????, (8) ????, (m,a) ?
(0, 12 ), (1,
1
2 ), (1, 1) ??????????????????????
Remark 2.8. (19) ????, r = 2 ????? [7] ? Addition Problem A33 (a) ??????
n∑
i=0
C2iC2n−2i = 4nCn (21)
??????
????
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